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We consider the spin and orbital Kondo effect in a parallel arrangement of two strongly electro-
statically coupled quantum dots. Increasing the exchange of electrons between the dots through the
attached leads induces a transition between the SU(4) spin- and orbital Kondo effect and SU(2)
spin Kondo effect. Being the same for the SU(4) and SU(2) symmetry points, the Kondo tem-
perature drops slightly in the intermediate regime. Experimentally, two kinds of Kondo effects can
be discriminated by the sensitivity to the suppression of the spin Kondo effect by Zeeman field.
The dependence of the Kondo temperature on Zeeman field and the strength of electronic exchange
mediated by the leads is analyzed in detail.
Kondo effect in quantum dot devices remains a sub-
ject of active theoretical and experimental investigations
since its first observation [1]. The observation of the
Kondo effect with orbitally degenerate levels provided
the first demonstration of the strong influence of the
orbital structure of the states in the dot and attached
leads on the Kondo effect [2]. Further exploration of
the interplay between spin and orbital degrees of free-
dom in the Kondo effect became possible in experiments
with double dot systems. If the two dots are strongly
electrostatically coupled [3, 4], then there are regions in
the charging diagram of the double dot device, where
there is no energy cost to transfer an electron between
the two dots. In that regions, the two ground states
of the double dot system with occupations of the two
dots (N1 − 1, N2 + 1) and (N1, N2) are degenerate. The
two ground states build a two-dimensional Hilbert space
which spans the representation of the SU(2) group, hence
a spin-like degree of freedom called pseudospin can be as-
signed to those two states. Quite analogously to and to a
large extent independently of the well-known spin Kondo
effect, the orbital fluctuations in transport through the
double dot result in the development of the orbital, or
pseudospin Kondo effect. Furthermore, at special val-
ues of Kondo couplings, the combined spin and pseu-
dospin Kondo Hamiltonian possesses a SU(4) symmetry
with respect to rotations in the spin-pseudospin space.
In that regime, the SU(4) Kondo effect with greatly en-
hanced Kondo temperature has been predicted theoreti-
cally [5, 6].
The existence of the pseudospin Kondo effect crucially
relies on the coupling of each quantum dot to its own
electronic reservoir formed by the electron states in the
attached leads. The separation of the reservoirs allows to
define a pseudospin for the electrons in the leads in a nat-
ural way. For two sequentially coupled quantum dots [6]
such a separation is given by geometry. In contrast, the
realistic experimental geometry for two dots coupled in
parallel to the leads does not introduce a separate reser-
voir for each dot a priori [3].
In this letter, we investigate the possibility and proper-
ties of spin and pseudospin Kondo effect in a double dot
embedded in a parallel circuit with the attached leads if
there is no separate electron reservoirs for each quantum
dot. The separation between the two electronic reser-
voirs is characterized by the asymmetry of amplitudes of
each electronic mode to tunnel from the reservoir into
one or into the other dot. We introduce a measure of
mixing between the two reservoirs that reflects the struc-
ture of tunnel matrix elements. The mixing between the
reservoirs can be varied either by changing the poten-
tial barrier that separates them or by applying the per-
pendicular magnetic field [7]. Without the perpendicu-
lar magnetic field, in the limit of completely symmetric
tunneling from each mode to both quantum dots, the
Kondo effect in the orbital sector is suppressed. At the
same time, all modes of both reservoirs couple to a sin-
gle electron state given by a symmetric combination of
the states localized in each dot. This results in the dou-
bling of the density of states in the reservoir for the spin
Kondo effect. At the end, the Kondo temperatures for
the two symmetry points, the SU(4) one and the SU(2)
one, are equal [5, 10]. We find however that the Kondo
temperature gets slightly suppressed in the intermediate
regime between the two symmetry points (see inset in
Fig. 2) independently of the method used to change the
mixing between the two reservoirs (potential barrier or
perpendicular magnetic field). This result should be con-
trasted with the analysis given in Ref. [7]. The change
in symmetry of the Kondo effect can be detected experi-
mentally by applying an external Zeeman magnetic field
in the plane of the double dot device. An external Zee-
man field suppresses the Kondo effect in the spin sec-
tor. Therefore, whereas the SU(2) Kondo effect is com-
pletely suppressed by the Zeemann field, the combined
spin-pseudospin SU(4) Kondo effect is only reduced to
the SU(2) Kondo effect in the pseudospin sector. In what
follows we derive an expression for the Kondo tempera-
ture as a function of mixing between the reservoirs and
of a Zeeman magnetic field in the whole range between
the SU(4) and SU(2) regimes.
We consider a device consisting of two single-level
quantum dots coupled in parallel to external Fermi liquid
leads. The Hamiltonian represents a sum of the follow-
2ing terms: the Hamiltonian of isolated dots including
the interdot interaction, the Hamiltonian of Fermi liquid
reservoirs, and the tunneling between the quantum dots
and the source (”s”) and drain (”d”) leads
H = HQD +
∑
r=s,d
Hresr +H
t. (1)
The Hamiltonian of isolated quantum dots reads
HQD =
∑
i=1,2

∑
σ=↑↓
Einˆiσ + Unˆi↑nˆi↓

+ U12nˆ1nˆ2, (2)
where the following notations are introduced: nˆiσ =
cˆ†iσ cˆiσ – the number of electrons in the dot i with z-
projection of spin σ (σ =↑ or ↓), cˆiσ is an annihilation
operator of an electron in dot i with spin projection σ.
We focus on the SU(4) Kondo regime that is achieved at
E1 = E2 = E, U12 = U . The low energy sector of the
model consists of states with a total of one electron in
the double dot. Their energy in the isolated dots equals
E(< 0). The corresponding ket-vectors are denoted as
|σ, 0〉 and |0, σ〉, where 0 denotes the unoccupied dot.
Single particle tunneling transforms the low energy states
into the empty state |0, 0〉 (energy 0) or into states with
a total of two electrons (energy E + U(> 0)), which are
| ↑↓, 0〉, |0, ↑↓〉, |σ1, σ2〉. The excited states with a total of
more than two electrons in a single dot do not couple to
the low-energy sector in second order in tunneling. They
are omitted from consideration.
The tunneling Hamiltonian is given by
Ht =
∑
i=1,2
∑
r=s,d
∑
kσ
T rikaˆ
†
rkσ cˆiσ + h.c. (3)
In the presence of perpendicular magnetic field, the tun-
nel matrix elements are complex. We choose a symmet-
ric gauge: T s1k = e
iφ/4|T s1k|, T
s
2k = e
−iφ/4|T s2k|, T
d
1k =
e−iφ/4|T d1k|, T
d
2k = e
iφ/4|T d2k|, where φ is the Aharonov-
Bohm phase in presence of perpendicular magnetic field.
To elucidate the appearance of the pseudospin in a gen-
eral case, when each electronic mode has nonvanishing
tunneling amplitudes to both quantum dots, let us de-
fine the tunneling angle ηrk for each mode in the given
reservoir by the following relations: cos (ηrk) =
|T r1k|
T r
k
,
sin (ηrk) =
|T r2k|
T r
k
, where T rk =
√
|T r1k|
2
+ |T r2k|
2
. Further-
more, we introduce formally bi-spinor notations for the
operators in the fermionic reservoir and in the double dot
Ψˆrk =
(
e∓iφ/4 cos ηrk, e
±iφ/4 sin ηrk
)T
⊗ (aˆrk↑, aˆrk↓)
T
,(4)
Φˆ = (cˆ1↑, cˆ1↓, cˆ2↑, cˆ2↓)
T . (5)
In (4) the upper signs in the exponent relate to r = s
and the lower ones to r = d. Using the notations above,
we rewrite the tunneling Hamiltonian in the form
Ht =
∑
k
(
|T sk |
Tk
Ψˆ†sk +
|T dk |
Tk
Ψˆ†dk
)
Φˆ + h.c., (6)
where Tk =
√
|T sk |
2 + |T dk |
2. One can see from (6) that
for each k it is only the mode Ψk =
|T s
k
|
Tk
Ψˆsk +
|Td
k
|
Tk
Ψˆdk
[8]. Performing the Schriefer-Wolff transformation for
Hamiltonian (1), we derive the effective Kondo Hamilto-
nian describing the dynamics of the low-energy sector of
the model that can be written as
HK =
3∑
µ,ν=0
∑
k,k′
Jkk
′
µν Φˆ
† (τˆµ ⊗ τˆν) ΦˆΨˆ†k (σˆ
µ ⊗ σˆν) Ψˆk′+Hres.
(7)
Here Φˆ† (τˆµ ⊗ σˆν) Φˆ and Ψˆ†k (τˆ
µ ⊗ σˆν) Ψˆk represent the
“hyperspins” in the pseudospin-spin SU(4) space for
the double dot and fermionic reservoir respectively, τˆµ
and σˆµ denote the corresponding Pauli matrices. For
the SU(4) symmetry point, the Kondo couplings equal
Jkk
′
µν = TkTk′
(
1
E+U −
1
E
)
for all µ, ν ∈ {0, ..., 3} except
µ = ν = 0. In what follows we assume the |T rk | to be
independent of k, hence we omit the indeces k, k′ at Jµν .
Note the principal difference between the hyperspins in
the quantum dot and in the reservoir. Whereas oper-
ator Φˆ incorporates four dynamical degrees of freedom,
the operator Ψˆk does only two, aˆrk↑ and aˆrk↓. The an-
gle ηrk is not dynamical. Yet this angle can fluctuate
with wave vector k. The magnitude of those fluctuations
determines whether the pseudospin in reservoirs is pro-
moted to a dynamical degree of freedom. For example,
if the reservoirs for two quantum dots are strictly sepa-
rated for both source and drain leads, then the angle ηrk
assumes two possible values 0 and pi/2, which results in
strong fluctuations of ηrk with k, and eventually leads to
the pseudospin Kondo effect. In contrast, if each lead,
the source and the drain, contains only a single common
reservoir for both dots, then, without the perpendicular
magnetic field (φ = 0) the tunneling amplitudes to both
dots are equal T r1k = T
r
2k ∀k. In that case, the angle η
r
k is
frozen at the value pi/4 for any k and r, and the orbital
Kondo effect is suppressed.
In what follows we present results of the renormaliza-
tion group (or poor man scaling) analysis of the Hamilto-
nian (7). We consider the case of equal coupling strengths
to the source and drain, that is |T sik| = T
d
ik|, hence
ηsk = η
d
k. The one loop renormalization of the Kondo
couplings Jµν is given by the diagram in Fig. 1 and
the diagrams obtained by change of direction of arrows
for solid or dashed lines. The propagators of the field
in the double dot Dˆ(iωn) and in the electronic reservoir
Gˆ(iωn, k) are given by
Dˆ(iωn) = 1/ (iωn)
(
1ˆ2 ⊗ 1ˆ2
)
, (8)
3FIG. 1: One loop renormalization of Kondo coupling. Solid
line: the propagator of electrons in the reservoir Gˆr(ω, k).
Dashed line: the spin-propagator in the double dot Dˆ(ω), see
(8), (9).
Gˆ(iωn, k) =
1
iωn − ξk
×
[
cos2 ηk cos(φ/2) cos ηk sin ηk
cos(φ/2) cosηk sin ηk sin
2 ηk
]
⊗ 1ˆ2,(9)
where ηsk = η
d
k = ηk. One can see that in comparison
to the pure SU(2) ⊗ SU(2) Kondo effect as predicted
for sequentially coupled dots, the presence of mixing be-
tween the reservoirs results in a nontrivial structure of
the fermion propagator Gˆ(iωn, k) in orbital space. Af-
ter integration in the infinitesimal energy shell between
Λ − δΛ and Λ, Λ being the high energy cutoff, the cor-
rection to the Hamiltonian can be written as
δHˆK = piνF (δΛ/Λ)JµνJµ′ν′Φˆ
†
[
(τˆµ ⊗ τˆν)
(
τˆµ
′
⊗ τˆν
′
)
−
(
τˆµ
′
⊗ τˆν
′
)
(τˆµ ⊗ τˆν)
]
Φˆ×
Ψˆ†
[
(σˆµ ⊗ σˆν) Pˆ
(
σˆµ
′
⊗ σˆν
′
)
−
(
σˆµ
′
⊗ σˆν
′
)
Pˆ (σˆµ ⊗ σˆν)
]
Ψˆ. (10)
Here νF denotes the density of states at the Fermi level,
Pˆ =
(
b01ˆ2 +
∑3
p=1 bpσˆp
)
⊗ 1ˆ2, b0 = 1/2, and the values
of other constants bp are given by the following averages
over the wave vector k
b1 = cos(φ/2)〈cos ηk sin ηk〉, (11)
b2 = 0, for η
s
k = eta
d
k, (12)
b3 =
1
2
〈cos2 ηk − sin
2 ηk〉. (13)
Due to the nontrivial structure of the fermion propagator
new interactions are generated in course of the renormal-
ization group (RG) transformation. The new interactions
have the structure JµλνΦ¯ (τ
µ ⊗ τν)Φ · Ψ¯
(
σλ ⊗ σν
)
Ψ,
where all the indices µ, λ and ν change independently.
We consider the case where the tunnel couplings to
the two dots are symmetric, that is b3 = 0. The mix-
ing between the two reservoirs is now determined by
the value of the parameter b1. b1 = 0 corresponds to
the case of two strictly separated reservoirs, where the
SU(4) Kondo effect is expected, whereas the maximal
value b1 = b0 = 1/2 corresponds to a single common
reservoir for both quantum dots. In the latter case only
the spin SU(2) Kondo effect is possible. The chosen form
of the operator Pˆ with b1 6= 0 distinguishes the coupling
constants with µ, λ = 0, 1. It turns out that the only
coupling constants with µ 6= λ that are generated by
the RG-transformation are J10ν and J01ν . The constants
with µ = λ = 2, 3 have the same RG-flow, we further
denote them as J⊥ν . Without loss of generality we take
the direction of the Zeeman magnetic field along the z-
axes. We use the approximation that the Zeeman field
freezes out the spin fluctuations as soon as the running
value of the field equals the high energy cutoff Λ. The
condition for the running Zeeman field h(lh) = h0e
lh = Λ
determines the logarithmic energy scale lh. For the log-
arithmic energy scale l < lh the influence of the Zeeman
field is neglected, all the spin components being equiva-
lent. For l > lh the structure of the RG-equation changes
abruptly, the couplings with the spin-index ν = 1, 2 stop
to flow.
In what follows we absorb the density of states νF into
the definition of coupling constants piνFJµλν 7→ Jµλν .
For l < lh, the RG-equations for the coupling constants
can be written as
d
dl
Q = Q2 +R2 + J¯2, (14)
d
dl
R = 2QR, (15)
d
dl
J¯ =
3
2
QJ¯ +KJ¯, (16)
d
dl
K = J¯2. (17)
Here the following combinations of coupling constants
are introduced: Q = 2(b0J11ν + b1J10ν), R = 2(b1J11ν +
b0J10ν), J¯ = 2
√
b20 − b
2
1J⊥ν , and K = b0J110 + b1J100
with ν =∈ {0, ..., 3}. Numerical solution of the RG-
equations (14)–(17) allows to determine approximately
the Kondo temperature as a function of b1. The solu-
tion is shown in the inset in Fig. 2. One can see that
without the external Zeeman field, or for Zeeman en-
ergy less than the Kondo temperature T
SU(4)
K , the Kondo
temperature diminishes only slightly between the SU(4)-
symmetric point b1 = 0 and the SU(2) symmetric point
b1 = 0.5. Therefore, the transition between the SU(4)
and SU(2) Kondo effect can hardly be seen in the change
of the Kondo temperature without the external Zeeman
field [10].
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For l > lh the RG equations have a form
d
dl
K = J 2, (18)
d
dl
J = KJ (19)
with J =
√
b20 − b
2
1(Jµµ0 + Jµµ3), µ = 2, 3, and K =
b0(J110 + J113) + b1(J100 + J103). Eqs. (18), (19) are to
be solved with the initial conditions given by the solution
of (14) – (17) at l = lh: J (0) = J¯(lh), K(0) = K(lh) +
Q(lh)/2 [9]. Analytical solution of (18), (19) results in
the following dependence of the Kondo temperature on
the Zeeman field
TK(h) = h
[
J (0)
K(0) +
√
K2(0)− J 2(0)
] 1√
K2(0)−J 2(0)
.
(20)
The dependence of the Kondo temperature on Zeeman
magnetic field h for different values of the mixing param-
eter b1 and the dependence of the Kondo temperature
on the parameter b1 at different values of Zeeman mag-
netic field h are shown in Figs. 2, 3 respectively. The
suppression of the Kondo temperature with Zeeman field
and with the mixing b1 illustrates our findings (20).
In conclusion, we considered the transition between the
SU(4) and SU(2) Kondo effects in a double dot system
embedded in a parallel circuit with attached leads. The
transition is induced by the transfer of electrons between
that dots through the leads, which violates the conserva-
tion of the pseudospin. Despite having the same Kondo
temperature, the SU(4) and spin SU(2) Kondo effects
can be distinguished by the sensitivity to the in plane
Zeeman magnetic field. We derived the dependence of
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FIG. 3: Kondo temperature versus Zeeman magnetic field at
different values of mixing b1. From the highest to the lowest
curve b1 = 0.1; 0.2; 0.3; 0.4; 0.49.
the Kondo temperature on magnetic field (20) that al-
lows direct comparison with experiments. Being the ba-
sic energy scale, the Kondo temperature determines all
other experimentally observable properties related to the
Kondo effect. Therefore, the calculated dependence of
the Kondo temperature of Zeeman magnetic field and
the mixing parameter can be seen in the measurements
of the conductance through the double dot device. The
obtained results can also be relevant to the experiments
on Kondo effect in carbon nanotubes [10].
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